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@ Brachistochrone Problem &l « ¢

New ProeBLEM

Which Mathematicians Are Invited to Solve?

If two points A and B are given in a vertical plane, to assign to a
mobile particle M the path AMB along which, descending under its
own weight, it passes from the point A to the point B in the briefest
time.

(Acta Eruditorum,Leipzig,1696,P296 )
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Sic generaliter solvere licet problema nostrum, quamcunque
statuamus accelerationis legem. Eo enim reductum est, ut quae-
ratur curvatura radii in medio secundum raritates prout libuerit,
variante. Esto ergo medium FGD (fig. 70) terminatum ab hori-
zontali FG, in qua punctum radians A, verticalis AD axis curvae
datae AHE, cujus applicatie HC determinant raritates medii in
altitudinibus AC, vel velocitates radii sey globuli in punctis M;
radius incurvatus ipse qui quaeritur, AMB. Vocentur AC, x;
CH, t; CM, y; differentialis Cec, dx; different. nm, dy; diff.
Mm, dz; constans quaedam ad arbitrium assumta, a. Erit acce-
‘pta Mm pro sinu toto, mn sinus anguli refractionis seu inclina-
tionis curvae ad verticalem, et proinde per ea, quae modo dixi-
mus, mn est ad HC in ratione constante, id est, dy.t =dz.a;
‘quod hanc suggerit aequationem, ady = tdz, seu aady2=ttdz?
=ttdx® + ttdy?, quae reducta generalem dabit aequationem dif-

tdx
aa—tt
una opera duo insignia problemata, opticum unum, mechanicum
alterum , ulira quam ab aliis petebam, resolvi, ostendique, quam-

vis ex diversissimis Matheseos partibus sint desumta , ejusdem ta-
men esse naturae.

ferentialem dy = pro curva AMB quaesita. Atque adeo

Sumanus jam specialem casum, et quidem hypothesin com-
munem a Gallilaeo primitus introductam et demonstratam, quod
velocitates gravium cadentium sint in ratione subduplicata altitudi-
Tum emensarum; in hoc enim proprie quaestionis tenor consistit,
Quo supposito, curva data AHE erit parabola, id est, tt— ax

et t = \/;)_:, quae si substituantur in aequatione generali, habe-

a—X
1, 20

bitur haec dy = dx \/ X e qua concludo Curvam Brachy-



stochronam esse Cycloidem vulgarem. Si enim circulus GLK, cu-
jus diameter = a, rotetur super AG et initium rotationis sit in
ipso A, describet punctum K cycloidem, quae reperitur eandem

. : X .
habere aequationem differentialem dy = dx \/a——x" positis
AG, x, et CM, y; potest tamen hoc a priori et analytice invenirj
) T x  _ xdx _——adx+2xdx+ adx
sie: dx‘/a——x vax —xx 2yax—xx 2Vax —xx

adx —2xdx L _ _
est autem ‘/——— differentialis quantitas, cujus summa
ax —xXx

— - adx L.
\I aXx—xx seu LO; et ;7= est diflerentialis ipsius arcus
2yax —xx

X "
GL; ideoque, summata aequatione dy = dx \/ pa— habebitur

y seu CM = GL—LO, ergo MO == €0 — GL + LO: quoniam
vero (assumta CO = semiperipheriae GLK) CO — GL = LK,
erit MO = LK + LO, et ablata communi LO, erit ML = LK;
quod docet curvam KMA esse Cvcloidem.

» A &
/ \  Fig / \
/ ;
V2 ¢ L A 0 /
/ t " : \ /
Ve
D
( Leibnizens mathematische Schriften)



In this way we can solve our problem generally, whatever we
assume to be the law of acceleration. For it is reduced to finding
the curved path of a ray of light in a medium varying in rarity

o A G
C 0
D B
K

arbitrarily. Let therefore FGD be the medium, bounded by the
horizontal FG in which the radiating point A [is situated]. Let
the vertical AD be the axis of the given curve AHE, whose
associated HC determine the rarities of the medium at the heights
AC, or the velocities of the ray, or corpuscle, at the points M.
Let the curved ray itself which is sought be AMB. Call AC,
x; CH, t; CM, y; the differential Cc, dx; diff. nm, dy; difi. Mm,
dz; and let a be an arbitrary constant. Take Mm for the whole
sine,! mn for the sine of the angle of refraction or of inclination
of the curve to the vertical, and then by what we have just said,
mn is to HC in constant ratio, that isdy:t = dz:a. This givesthe
equation ady = tdz, or aady? = ttdz? = ttdx® + ttdy?; which when
reduced gives the general differential equationdy = tdx:+/(aa—t)
for the required curve AMB. Thus I have with one stroke solved
two remarkable problems, one optical the other mechanical, and
[have accomplished] more than I required of others; I have shown
that the two problems which are taken from entirely distinct
fields of mathematics are nevertheless of the saime nature.

Let us now consider a special case, namely that arising on the
customary hypothesis first introduced and proved by Galileo,



according to which the velocity of heavy falling bodies varies as
the square root of the distance fallen through; for this indeed is
properly the problem. Under this assumption the given curve
AHE will be a parabola, that is, tt = ax and ¢ = vax. If this

is substituted in the general equation we find dy = dx\/a %

from which I conclude that the brachistochrone curve is the ordinary
cvcloid. In fact if one rolls the circle GLK, whose diameter is a, on
AG, and if the beginning of rotation is in A itself; then the point K
describes a cycloid, which is found to have the same differential

equation dy = dx\/ » calling AC, x, and CM, y. Also this

a—x

can be shown analytically from the preceding as follows:

dx\/a i ;= xdx:/(ax — xx)
= adx:2+/(ax — xx) — (adx — 2xdx):2+/(ax - xx);

also (adx — 2xdx):2+/(ax — xx) is the differential quantity whose
sum! is v/(ax — xx) or LO; and adx: 2 V/(ax — xx) is the differ-
ential of the arc GL itself; and therefore, summing the equation
dy = dx\/a i L we have y or CM = GL — LO, hence MO =
CO — GL + LO. Since indeed (assuming CO = semiperiphery
GLK) CO — GL = LK, we will have MO = LK + LO, and,
cancelling LO, ML = LK; which shows the curve KMA to be the
cycloid.

(Smith,A Source Book in Mathematics,P652~P653 )
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