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Prop. 12

Let a cone be cut b?r-::-pfane through the axis, and let
il be cut by another plane cutling the base of the cone in

a :ﬁr he line perpendicular o the base of the axial
Ie and let the diameter of the seclion, when pro-
, meed one side of the arial triangle ond the
uertea.' of the cone; then if any straight line be dramwn
Jfrom the seetion of the cone parallel to the common section
of the cutting plane and the base of the cone as far as the
diameter of the section, its square will be equal fo the area
applied fo a ceriain straight line; this line iz such that the
siraight ling sublending the external angle of the triangle,
ljriﬂg in the same straight line with rameter of the
section, will bear o it the same ratio ay the square on the
line dranm_from the vertex of the cone parallel to the dia-
mtierqfi&esaclmnasfﬂrm!hbmcafﬁeﬁmgk
Bears to the reclangle bounded b is of the base
made by the line so drawn; the breﬁh& of the applied
ﬁgur‘d mwill be the :ﬂtﬁw?{ made ﬁﬁr the dd“dme'sld on the
diameler i m the divection of the vertex of the section; and
the applied figure will exceed by a figure similar and
J-lml.!ur! Em.:fed' o the reaim:gk bounded 63' the siraight
&t.ua'mg the external angle of the triangle and
the parameter of the ordinates; and let such a section be
called a hyperbala,

Let there be a cone whose vertex is the point A
and whose base is the circle BI', and let it be eat b}?
a plane through the axis, and let the section so made
be the triangle ABI', and let it be cut by another
plane cutting the base of the cone in the straight line
AE perpendicular to BT, the base of the triangle AET,
and let the section so made on the surface of the cone
be the curve AZE, and let ZH, the diameter of the
section, when produced, meet AT, one side of the
triangle ABT, beyond the vertex of the cone at 8,
and %m;-ugh A let AK be drawn parallel to ZH, the

Adiameter of the seolion, and let it cut B, and from
% let ZA be drawn perpendicular to ZH, and let
FEAZ: BE . KT =26 : ZA, and let there bo taken at
random any point M on the seetlon, and throngh M
let MM be drawn parallel to AR, and through N let
MNi¥E be drawn parallel to 24, and let 8A be joined
and produced to B, and through A, B, let AQ, BI1 be
drawn parallel to ZM. I say that the sguare on MN
is equal to ZE, which is applied to the straight line
#A, having EN for its breadth, and exceeding by
the figure AF which is similar to the rectangle
contained by O, ZA.

For let PNZE be drawn through N parallel to BI' ;
but MM is parallel to AR ; therefore the plane through
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corw €n’ adrip kdferos ) MN- 76 dpa dmd rdw
PNX irov éori 7 dmo T4 . wai émel dorwe,
we 6 dré AK mpés 6 dwo BKID, ofirws + Z0
mpos LA, 6 8¢ 7of dmd 7fis AK mpds 70 dmé BKT
Adyos olyrerrar ex Te Tob, ov eye 7 AK mwpos KI'
wai 1 AK mpés KB, xal & mijs Z0 dpa mpds v
ZA Myos odyrarar éx tof, ov fya 7 AK mpos
KI' wai § AK mpés KB. dAX’ s pér 7 AK
wpos KT, efrws v OH mpds HT, rovrdoriv ) BN
mpos NE, as b¢ 7 AK mpos KB, ofrws 4§ ZH wpos
HB, rovrdorw 4 ZN mpos NP: ¢ dpa vis ©Z
wpas LA Myos odyrerar €k Te Toll 7is ON mpos
NI wal voi 7is ZN mpos NP. & 8¢ ovywelpevos
Adyos €x 7ofl i BN mpis NI wal 7ol s ZN
mpos NP & 7ol dmwé rdv ONZ dom mpds 76 dmo
riv ENP- kal ds dpa 16 dmo rav ONZ mpos o
tmo vaw EZNP, otrws 1§ OZ wpis ZA, rovrderw
n ON mpos NE. dA\' s 7 BN mpés NE, mijs
LN wkowol tifovs AapBavopérys olirws 76 vmo
rdv ONZ mpds 70 dmd vdv ZNE. kai ws dpa
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6 dwe riov ONZ mpds 10 dmo raw ENZ. 7o
dpa dwo ENP loov dori té dwd ENZ. 1o &
dmé MN loov ddeiybn +& dmé ENP wal vé dmo
riis MN dpa loov éorl 7 dmwd vaw ENZL. 76 8¢
imé ENZ éom m6 EZ mapalgddypappor, 1 dpa

MN 8ivarar 76 EZ, 6 mapdreirar mapd =i ZA,
nAdros Eyov i LN, dmepfdor 1§ AZ dpoly
ovre 7@ vmo rdv OZA.  kadelofw 8¢ 5 pév
rotatry Topy dmepfodd, 1 8¢ AZ map’ v Stvarrar
at émi T kaTayduerar TeTayudvos: kalelobw
8¢ v alry wal dpbia, mdayla 8¢ 4 ZO.

MN, PE is lel to the plane through EBI', AE
[Eucl. xi. 15], that is to the base of the cone. If,
then, the plane through MN, FZ be produced, the
section will be a circle with diameter PNE [Prop. 4].
And MN is perpendicular to it ; therefore

PN .NZ=MN%

And since AR BE . KI'=20 : EA,

while AEK® :BK . ET'=(AK : KI)(AK : KB),
therefore 28 : ZA =(AK : KT)(AK : KB).
But AK :KT'=0H : HT,

e, =ON : NZ, [Eucl. vi. 4
and AK :KB=ZH : HB,

Le, =FN : NP, [hid.
Therefore BZ : ZA=(8N : NI)(ZN : NP).

But  (ON:NE)ZN :NP)=6N.NZ:IN.NP;
and therefore
BN .NZ:ZN.NP=08Z:ZA

=8N : NE, [ibid.
But ON :NE=08N.NZ:ZN.NE,
by taking a common height ZN.

JAnd therefore
ON.NZ:ZN . NP=0ON.NZ:EN.NZ

Therefore IN .NP=E8N.NZ [Eucl v.9
But MNE=EIN ., NP,

&8s was proved ;

and therefore MNT=EN.NZ,

But the rectangle EN . NZ is the parallelogram S2.

Therefore the square on MN is equal to EZ, which
is applied to ZA, having ZN for its breadth, and
exceeding by AE similar to the rectangle contained
by 0Z, ZA. Let such a section be ealled 2 hyperbola,
let AZ be called the parameter to the ordinaies to ZH ;
and let this line be also called the erect side (lafus
rectum), and 20 the transverse sided
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Prop. 13
Lel a cone be cut by a plane through the axir, and let it be
cul by another plane meeting each :ﬂe of the axial h;z?k.
let

being neither parallel lo the base nor mﬁmu!ra:f,
the plane coniaining the base of the cone meet the culling
plane in & sraight line wcular either o the base
of the axial triangle or fo base produced; then if a
siraight line be drarm from any point of the section of the
cone parallel to the common rection of the th.c; ufr::r
as the diameler of the section, its square mll be equal to
an area applied o a cerfoin straighi line; this Gne i such
that the dameter of the section nill bear fo it the same
ratio as the r?um on the line dramm from Lhe verlex of the
cone parallel to the diameter of section dr for ar
the base of the imﬂs bears to the rectangle contained
by the in by it on the sider of the triangle;
the breadih of the applied figure will be the intercept made
by it on the diometer in the direction of the verter of the
seclion; and the applied mibl be deficient by a
similar and ﬂmim{y siluated o the renlﬂ-ngff
bounded by the diameter and the parameter ; and lef such
w seciion be called an ellipge.
Let there be a cone, whose vertex is the point A
and whose base is the circle BI', and let it be cut by
a plane through the axis, and let the section so made
be the triangle ABL, and let it be cut by another
plane meeting either side of the axial triangle, being
drawn neither parallel to the base nor subcontrary,
and let the section made on the surface of the cone
be the curve AE; let the common section of the
éutting plane and of that containing the base of the
cone be ZH, perpendicular to BT, and let the diameter
of the section be EA, and from E let EO be drawn
perpendicular to EA, and through A let AK be drawn
paralle]l to EA, and let AK? : BK , KI'=AE : KO, and
let any point A be taken on the section, and through
A let AM be drawn parallel to ZH. I say that the
square on AM is equal to an area applied to the
straight line EO, having EM for its breadth, and
being deficient by a figure similar to the rectangle
contained by AE, EO,

For let AO be joined, and through M let MEN be
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AE mpis T EO, rovréorw 7 AM mpés miw
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IIMP, ofrws 6 dme AME mpis 7 dwé EME.
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rout eéMeulis, 4 8¢ EQ map’ v Stvarrar ai xar-
aydperar émt v AE Teraypdvws, 1 8¢ adm) wal
opllia, mhayia 8¢ 7 EA,

drawn parallel to O, and through 8, B, let 6N, 20
be drawn parallel to EM, and ugh M let TIMP
be drawn parallel to BI'. Then since IIF is parallel
to BT, am:FﬂM is parallel to ZH, therefore the plane
through AM, IIP is parallel to the plane through
ZH, BI' [Euel. xi. 15), that is to the base of the cone.
If, therefore, the plane through AM, IIP be produeed,
the section will be a circle witﬁ diameter ITF [Prop. 4].
And AM is perpendicular to it ; therefore

IIM . MF = AM3,

And sines AK?: BE.KI'=EA : EQ,
and AK?: BK . KI'=(AK : KE)(AK : KI'),
while AK:KB=EH : HB

= EM : MII, [Fucl. vi. 4
and AK :KI'=AH : HI

=AM :MP, [IM
therefore AE : EO=(EM : MIT}AM : MF).
But (EM : MIT)(AM : MP) =EM.MA:IIM , MP,
Therefore

EM . MA:TIM.MP=AE : EO

=AM : ME. [ikid.

But AM : ME =AM . ME : EM . ME,

by taking & common height ME.
Therefore &AM , ME : IIM. MP =AM . ME : 5M . ME,
Therefore IIM.MP=EM . ME,

But IIM . MP = AM®,
as was proved ;
and therefore

[Euel. v. §

EM . ME =AM?2,

Therefore the square on AM is equal to MO, which
is applied to OE, having EM for its breadth, and being
deficient by the figure ON similar to the rectangle
ALK . EO. Let such a section be called an ellipse,
let EO be called the parameter to the ordinates to AE,
and let this line be called the erect side (latus rectum),
and EA the transverse side.%
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